Abstract. We introduce megagreedoids, which generalize polymatroids, megamatroids, and greedoids. We define a quasisymmetric function invariant for a megagreedoid, and show that it has a positive expansion in the basis of fundamental quasisymmetric functions. Our proof involves lexicographic shellability. We also show that megagreedoids form a Hopf monoid. A running example is a megagreedoid associated to a rooted connected graph, and the resulting generalization of the chromatic symmetric function.
Introduction
In [2] , Aguiar, Bergeron, and Sottile show that quasisymmetric functions were the terminal combinatorial Hopf algebra, which 'explains the ubiquity of quasi-symmetric functions as generating functions in combinatorics'. Many combinatorial Hopf algebras have been studied, such as graphs [13] , posets [10] , building sets [9] , simplicial complexes [4] , matroids [5] , megamatroids [7] , and hypergraphs [9] . Aguiar and Mahajan initiated the study of Hopf monoids in species [3] . In many cases, the Hopf monoid/algebra has a nice basis for which the resulting quasisymmetric functions are positive when expanded in the basis of fundamental quasisymmetric functions. However, there is no general proof of this fact. Moreover, for many of the newer combinatorial Hopf algebras, F-positivity is unknown.
In recent work, Aguiar and Ardila [1] studied the Hopf monoid of generalized permutahedra, which generalizes all of these other examples. They proved a grouping-free, cancellation-free formula for the antipode, and proved a combinatorial reciprocity result, generalizing many known results. They also study a related polynomial invariant for generalized permutahedra. Their work is highly geometric, highlighting the fact that there is quite a bit of unexplored intersection between geometric combinatorics and Hopf algebras. This paper explores this intersection further. Let G be a connected graph with vertex set I ∪ {r}, where r is a distinguished root vertex. For a subset S ⊆ I, let G| S denote the induced subgraph on S.
is the number of edges of G with at least one endpoint in S, and the other in I. Then M G is a megagreedoid. An example is given in 1.
Megagreedoids generalize polymatroids, which are megagreedoids where A = 2 I . These are also called generalized permutahedra. An example is given in Figure 2 . When A is the set of lower order ideals of a poset, then M is equivalent to a megamatroid [7] .
Megagreedoids also generalize greedoids [6] . A greedoid is a function r : I → N, subject to:
For greedoids, the greedy algorithm minimizes rank-feasible linear functions [6] . A subset S ⊆ I is rank feasible if r(S ∪ X) ≤ r(S) + |X| for all X ⊂ I \ S. Given a greedoid G with rank function r, let M G = (A G , r), where A G is the collection of rank-feasible subsets of G. Then M G is a megagreedoid. In Figure 2 , the middle graph is a greedoid: the megagreedoid is obtained by deleting {u}, which has rank 0.
An important class of greedoids comes from posets. Given a poset P on I, and S ⊆ I, let r(S) be the maximum size of an order ideal of P contained in S. Then r : 2 I → N is a greedoid. Equivalently, the megagreedoid of P, M P = (A P , r), is given by setting A P equal to the collection of lower order ideals of P, and letting r be the usual cardinality function.
We define the direct sum of two megagreedoids. Given I = S ⊔ T, and megagreedoids Given I, and a megagreedoid M = (A, r) on I, let S ∈ A. We define the restriction M| S = (A| S , r| S ), where A| S = {X ∈ A : X ⊆ S}, and r| S is just the restriction of r to A| S . The contraction M/S is defined to be M/S = (A/S, r/S), where A/S = {X ⊆ I \ S : X ∪ S ∈ A}, and r/S : A/S → R is given by r/S(X) = r(X ∪ S) − r(S) for all X ∈ A/S.
Define the base polyhedron P M of M to be given by inequalities ∑ s∈S x s ≤ r(S) for all S ∈ A. When M is a polymatroid, this is a generalized permutahedron. A function
It is strongly r-feasible if any sufficiently small perturbation of f results in another r-feasible function. For example, consider the function F : { f , p, s, a} → R given by F(a) = F(s) = 1, and
Then F is r-feasible for the megagreedoid in Figure 1 . However, it is not strongly feasible, because if the value of F(s) is changed to .9, then the function is no longer r-feasible.
Quasisymmetric Function Invariants
To a megagreedoid, we associate a quasisymmetric function. Recall that a quasisymmetric function is a power series f in variables {x i : i ∈ N}, such that, for any i 1 < i 2 < · · · < i k , and any sequence (α 1 , · · · , α k ), the coefficient of x
Definition 2. Given a megagreedoid M = (A, r) on I, with base polyhedron P M , f : I → N is r-generic if it strongly r-feasible, and is minimized at a unique vertex of P M . Weighting r-generic functions by x f = ∏ i∈I x f (i) , the r-generic quasisymmetric function χ(M) is:
There is also a corresponding r-generic polynomial, defined by χ(M, n) = the number of r-generic functions f : I → [n]. In the case of matroids, χ(M) was studied by Billera, Jia, and Reiner [5] . For polymatroids, χ(M, n) was studied by Aguiar and Ardila [1] .
Let G be a rooted connected graph, with associated megagreedoid M G . Then f :
is an independent set of G for all i. Thus f is a proper coloring such that, for every v ∈ V, there is a path r, v 1 , . . . ,
When r is connected to every vertex, we obtain the chromatic symmetric function [14] . Ordering the vertices as f < p < s < a, then for the graph in Figure 1 , we see that the function (1, 1, 2, 3) is not proper, because there is an edge f p. On the other hand, (2, 1, 1, 2) is not proper, because the vertex u is not adjacent to r, so it cannot be colored 1. However, the colorings (1, 2, 3, 4) and (1, 2, 3, 2) are proper. Now let (P, I) be a poset. In this case, a function f is feasible if and only if
The requirement that f be strongly feasible forces f (p) < f (q) for all p < q. Thus, we obtain Gessel's P-partition generating function. Proposition 3. Let M = (A, r) be a megagreedoid on I, and let N be a megagreedoid on J.
Recall the basis of fundamental quasisymmetric functions F S , n, defined by:
Similarly, the monomial quasisymmetric functions are defined by: F S,n = ∑ T⊃S M T,n . Fix a linear order on I. Given a permutation σ of I, σ is A-feasible if {σ 1 , . . . , σ i } ∈ A for all i. Let S(A) be the set of A-feasible permutations. Given σ ∈ S(A), there is an r-descent at i if any of the following conditions are met:
We let Des(σ) be the set of r-descents. Note that, every graph G can be viewed as a rooted connected graph G ′ , by adding a new root vertex r that is attached to all other vertices. Then χ(M G ′ ) = χ(G), so we obtain F-positivity of the chromatic symmetric function of a graph. Our notion of descent is different from the one used by Steingrímsson [15] . Also, since every matroid is also a megagreedoid, we get F-positivity of the Billera-Jia-Reiner invariant [5] . Now we do some example calculations. Let G be the rooted graph from Figure 1 , and let M G = (A, r) be the associated megagreedoid. We order { f , p, s, a} by a < f < p < s. Then as f p ∈ S(A) and Des(as f p) = {1, 2, 3}. Then χ(M G ) = 6F {1,2,3},4 + 2F {1,3},4 . For the greedoid G from Figure 2 
We also obtain the following combinatorial reciprocity result:
where f is r-feasible, and v( f ) is the number of vertices of P M where f is minimized.
Corollary 6. Let G be a connected rooted graph, and let M G be the associated megagreedoid. Then
is the number of acyclic orientations of G that contain a directed spanning tree rooted at r, which is a sink.
Shellability of Relative Complexes
In this section, we prove F-positivity for χ(M) by first relating our invariant to a face enumerator for a balanced relative simplicial complex (Σ(M), Γ(M)). Then we discuss shellability of relative simplicial complexes. Then we show that (Σ(M), Γ(M)) is shellable, by using a greedy algorithm. This is equivalent to a generalization of lexicographic shellability, although our approach requires less terminology. In the full version, we will discuss the generalization of lexicographic shellability, as it may be of independent interest. A relative simplicial complex on a finite set X is a pair Γ ⊂ Σ of simplicial complexes. Given a relative complex Γ ⊂ Σ, a cocomplex Ψ is the set of faces ∆ \ Γ. A balanced relative simplicial complex of dimension d is a triple (Σ, Γ, ρ) where ρ : V → [d], such that ρ is a proper coloring of the one-skeleton of Σ. The associated quasisymmetric function is given by
where ρ(σ) = {ρ(x) : x ∈ σ}. Given a megagreedoid M = (A, r), let Σ(M) be the order complex of A, ordered by inclusion. Let Γ r (M) be defined so that Σ(M) \ Γ r (M) are those chains S 1 ⊂ S 2 ⊂ · · · ⊂ S k where, for every i, [S i , S i+1 ] is a boolean interval, and r| S i+1 /S i is modular. Also, we define ℓ(C) of a chain to be the length of the chain. The relative complex from the rooted graph of Figure 1 For example, let G be the rooted graph in Figure 1 , with associated megagreedoid M. The associated relative simplicial complex is given in Figure 3 . The triangles are all part of the complex Σ, every vertex is in Γ, and every dashed edge is also in Γ.
Proposition 7.
Let M = (A, r) be a megagreedoid on I, with balanced relative simplicial complex
A shelling order for Γ ⊂ Σ is a linear ordering F 1 , . . . , F k on the facets of Ψ, such that, for each i, Ψ i \ Ψ i−1 has a unique minimal face, where We show that (Σ(A), Γ r (A), ℓ) is relatively shellable. In the full version, we relate our construction to EC shellability [12] . For the present paper, it is actually shorter to explain the shelling in terms of the greedy algorithm. Fix a linear order on I. Consider two c, c ′ given by x 1 < · · · < x k and y 1 < · · · < y k ′ , let i be the first index where x i = y i . Then we define c < c ′ if either r({x 1 , . . . , x i+1 }) < r({y 1 , . . . , y i+1 }), or we have equality, and x i+1 < y i+1 . That is, we make a greedy choice. We call this the greedy ordering. Theorem 9. Let M be a megagreedoid. Then the greedy ordering is a shelling order for (Σ(M), Γ r (M)).
Note that two types of descents from A-feasible permutations come from the greedy ordering: they are cases where there was a 'better' local choice for a chain. The other two types of descents come from cases where the facet of Σ contains a facet of Γ.
Hopf monoids and basic quasisymmetric functions
In this section, we dicuss combinatorial Hopf monoids, their characters, and their quasisymmetric functions. Hopf monoids are a generalization of graphs, posets and matroids. The idea is that we have some notion of combinatorial structure, called a species 8 J.White [11] . Moreover, we have rules for combining and decomposing these structures in a coherent way. Hopf monoids in species were originally introduced in [3] . Throughout this section, A ⊔ B denotes disjoint union.
Definition 10.
A species is functor F : Set → Vec from the category of finite sets with bijections, to the category of vector spaces over a field. For each finite set I, F I is a vector space, and for every bijection σ : I → J between finite sets, there is an isomorphism
All species in this paper are connected.
Definition 11.
A connected Hopf monoid is a species F, equipped with compatible multiplication and comultiplication maps. That is, for every pair of finite sets S, T, we have a multiplication map µ S,T : F S ⊗ F T → F S⊔T and a comultiplication map ∆ S,T :
We denote the product of f ∈ F S , g ∈ F T by f · g, and we use an analogue of sumless Sweedler notation ∆ S,T (f) = f| S ⊗ f/S. Here are some of the axioms:
whenever the multiplication is defined.
((f|
Given a connected Hopf monoid H, there is a generalization of Möbius inversion, and group inversion, called the antipode map. It can be defined recursively: for a finite set I, Hopf monoid F, and f ∈ F I , s I (f) = − ∑ J⊂I S J (f| J ) · f/J. This map is linear.
A natural invariant associated to a Hopf monoid is the chromatic quasisymmetric function for a character. Given a monoid in species M, a character is a function ζ : M I → K for all I, such that for all finite sets I, J, x ∈ M I , y ∈ M J , we have ζ(x)ζ(y) = ζ(x · y). Given a character ζ, and x ∈ M I , the basic quasisymmetric function is defined by
Given a Hopf monoids H, a Hopf submonoid of H is a species K where K I ⊆ H I , and is preserved under multiplication and comultiplication.
Example 12.
Here we detail the Hopf monoid of megagreedoids MG. We let MG I be the vector space with basis given by megagreedoids. Given sets I = S ⊔ T, we define µ S,T : MG S ⊗ MG T → MG S⊔T by sending a pair of megagreedoids to their direct sum, and extending by linearity. Likewise, we define ∆ S,T (M) = M| S ⊗ M/S if S is feasible, and 0 otherwise. Extend by linearity to get a map ∆ S,T : MM S⊔T → MM S ⊗ MM T . This turns MG into a Hopf monoid. In the full version of the paper, we show that χ(A, r) is the quasisymmetric function that arises from the basic character ζ given by ζ(A, r) = 1 if A is boolean and r is modular, and 0 otherwise. is the subgraph on S ∪ {r} which contains any edge that has at least one endpoint in S.
Note that some edges become half-edges in the restriction. On the other hand, g/S is given by contracting S ∪ {r} into one vertex, labeled r, and regarded as the root of g/S. Please see Figure 4 for an example. Here we restrict and contract with respect to { f , p}. If S ∪ {r} is not connected, we define g| S = g/S = 0. This defines a comultiplication ∆ S,T : RG S⊔T → RG S ⊗ RG T given by ∆ S,T (g) = g| S ⊗ g/S.
The basic character on G is given by ζ(g) = 1 if g is a star graph, centered at r, and 0 otherwise. Then χ(g) is our chromatic quasisymmetric function.
There is a natural map g → m g sending a rooted graph to its megagreedoid. This embeds RG as a Hopf submonoid of MG. There is also an interesting Hopf submonoid consisting of those graphs for which r is adjacent to all vertices. This is isomorphic to the Hopf monoid of graphs appearing in Aguiar and Ardila [1] .
Conclusion
We end with lots of open questions. First, is there a notion of duality for megagreedoids? Also, is there an analogue of the G-invariant introduced by Dersken and Fink [7] ? Is there a notion of valuative invariant? What about a Tutte polynomial? Are there other interesting examples beyond rooted connected graphs?
Regarding the quasisymmetric functions themselves, there is another obvious invariant, where we sum over all r-feasible functions that are minimized at a unique basis. Is the resulting invariant F-positive? It appears to be so, but our labeling does not prove shellability in this case. Also, what can we say about the chromatic quasisymmetric functions of Shareshian and Wachs?
Given a megagreedoid, with relative complex (Γ, ∆), is Γ shellable? Does it have a convex ear decomposition? What more can be said about coloring rooted connected graphs? Are there nice formulas for special graphs?
